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A Simple Recursive Formula for Calculating the
S-Parameters of Finite Periodic Structures

Cen Yen OngStudent Member, IEEEBNd Michal OkoniewskiSenior Member, IEEE

Abstract—A simple and efficient recursive formula to calcu-
late the S-parameters of large, finite periodic structures is intro-
duced. The technique utilizes measured or computed matrices
of structures with a small number of periods. The formula is veri-
fied on a simple rectangular waveguide with periodic gratings. Re-
sults from the formula are plotted against similar results obtained
from finite-difference time-domain (FDTD) simulations, and they
show excellent agreement. This formula can be used to compute the
S-parameters of large microwave or optical periodic structures,
which, by virtue of their finiteness may not be open to the applica-
tion of periodic boundary conditions.

Fig. 1. Top view of periodic structure.

interest since the symmetry of infinite periodic structures often
_ Index Terms—Electromagnetic propagation, FDTD, filters, pe-  results in oversimplified electromagnetic properties [3].
riodic structures. In afinite periodic structure, increasing the number of periods
increases the resonance of the structure until the limit of satu-
|. INTRODUCTION ration is reached [4]. As the number of periods increases, the
ERIODIC structures are ubiquitous in the microwavcomputational pTOb'e”.‘ increases in bo'.{h memory and time. Per-
orming FDTD simulations of large periodic structures is com-

and optical domain. The periodic perturbations, wit : . . S ;
: . o utationally intensive and, thus, prohibitively expensive.
dimensions on the order of the wavelength, significant o ; : .
On the other hand, it is relatively simple to measure or simu-

affect the propagation of electromagnetic waves, allowing the . . .
.y : ; . late structures with a relatively small number of periods. Conse-
transmission of some, while reflecting or attenuating others.

The frequency selectivity of periodic structures has thus beguently, a simple recursive formula to obtain thigarameters

exploited in microwave and optical resonators and filters. Pe%—_ large finite periodic structures, based on the knowledge of

) . L arameters of smaller structures, is introduced. The formula
odic structures are also integrated in distributed feedback lasér, . .
g . . abstracts from higher order modes that are generated at the peri-
distributed Bragg reflection lasers and quasiphase-matche . A - A
second harmonic generators [1] odic discontinuities within the structure by implicitly encapsu-
9 ' lating their effect in the transmission of modes that exist at the

Electromagnetic propagation characteristics in periodic ) )
structures have been analyzed via the finite-difference time—dBpUt and output ports. This method thus applies to any general

main (FDTD) method, the method of moments, the methé)aenodlc structures with multi- or single-mode propagation.
of lines [2], the coupled-wave method [3], and by utilizing
the Floquet-Bloch theorem [4]. Hybrid frequency-time or Il. THEORY

time-spatial techniques of analysis have also been exploredrhe S-parameters of an arbitrary structure can be measured or
[1], [5]. In most techniques, the analysis is simplified by thgomputed using previously mentioned modern electromagnetic
assumption of infinite periodicity, arguing that it offers a goo@nalysis techniques. ThéBCD matrix of the same structure
model for the central elements of a large, but finite periodigan then be calculated from tiSeparameters using basic trans-
element [6]. When infinite periodicity is assumed, the analysf§rmation equations [8].

of a large structure reduces to the solution of a single cell. consider a simple structure that is periodic in one dimension,
In FDTD, periodic boundary conditions (PBCs) are used s jllustrated in Fig. 1.

emulate |nf|n|te peI’IOdICIty at the Wa||S Of the Unit Ce”. PBCS, The structure can be mathematica”y modeled by Cascading
however, are difficult to implement when the angle of incidenggs composite transmission matrices, as in Fig. 2.

of the electromagnetic wave is all but normal [6], [7]. Moreover, | et T = 7, 7,7y -- T, T, Where, T, = [gm gm ,
the realistic modeling of finitely periodic structures is of major,  _ [ém Bouz] andT, = [éf g,;]; k=1,2 ... n The

) out ou - .
variablen enumerates the number of repetition of a basic cell of
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Fig. 2. (a) Initial matrix; (b) matrix with an additional period. L »
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n + 2 repetitions of the basic cell can then be written as follows
Tyis = XoTTon (3) Fig. 3. S1: of rectangular waveguide with 40 perfect conductor periods.
Thiz =X I7TT . (4) solid perfect conductors and, second, with the boxes as dielec-
o ) . tric gratings with relative permittivity of 5.6 and loss tangent of
Substituting (2) into (3), we geTny1 = XaTX"Tn.  0.004. The second waveguide contains more higher order modes
Then, solving forI’, we obtain than the first, and serves as a verification test that the formula
T XIT. . T-1X ) applies to multimode propagation. The two ends of the wave-
— “n Snflin An guide are terminated in perfectly matched layers (eight layers,
Substituting (2) and (5) into (4) yields —80dB, PML power 3.0 profile). ,
In both cases, four FDTD simulations are performed with
Toye = Xo X 1T (1 T X XM T, 1 TIX, X1 T,. @) eight, b) ten, ¢) 12, and d) 40 periods. The structure is
discretized withAxz = Ay = Az = 1 mm, and is simulated
Simplifying the above equation results in the recursive formulger 20000 time steps. The time interval between each time

Tyi2 = Touy1 T Ty More generally, step, computed by the FDTD program, is 1.9 §iparameters
1 are computed from observations of the transverse electric
Totzm = Topm Ty Todm. ®)  field. S-parameters for cases a), b), and c), transformed to

their respectiveABC'D matrices, are denote8,,gy—Ty(s),

Sb(10)—Th(10) and S¢(12)—Tc12)- The S-parameters for

case d) are control values against which the results from the

trix equation will be compared.

a(e) andT,(10) are used in the proposed formula, to predict

It e transmission matrix of a periodic structure with 40 periods
m the knowledge of eight and ten in the following sequence

of four iterations:

Equation (6) implies that tha BC D matrix for a structure with
n + 2m repetitions can be computed once th8C D matrices
for the same structure with andn + m repetitions are known.
The S-parameters of the structure can then be obtained from {i\
ABCD matrix.

Note the generality of the approach—typically, for close
spaced periods, a number of higher order modes would be
cited at the discontinuities. Thus, tiiematrices would be of di-

mension2K by 2K, with K representing the number of modes Ty =T T-1 T @)
necessary to fully characterize multi-mode relations in each sec- 12 b(10) Ta(s) “R(10)

tion. By the same argument;,, andZ,,.; would be rectangular Tig = T12T;(18)T12 (8)
matrices with size&/ by 2K and2K by 27, respectively. The

matrices would relate the interaction betwdemodes from the T2y = T16T;(18)T16 ()]
input with K’ modes within the periodic structure. Fortunately, 1

all internal higher order modal interactions are accounted for, Ta0 =T24T, 5 T2a. (10)

but are not present in the final recursive formula. The mul

mode matrice§” need not be explicitly known. tJI'he subscript “12,” “16,” “24,” and “40” on the transmission

matrices denote the number of periods that is being computed.

The periodic incrementth” in (7)—(10) is two, four, eight, and

16 periods, respectively. A similar procedure, except with only
To verify the proposed formula, a simple waveguide problethree iterations, is followed to obtain the transmission matrix of

is considered. The simulated waveguide has the periodic charé@-periods fronfL', gy and Ty 2).

teristic shown in Fig. 1, with width and height of 25 muab mm The results are transformed infparameters and plotted

and length of 595 mm along the axis of periodicity. Two expeggainst the FDTD results for a periodic waveguide with 40 grat-

iments are performed: first, with the shaded boxes in Fig. 1 emgs. Since the structure is symmetric and reciprofal,= 512

Ill. RESULTS
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Fig. 4. S1. of rectangular waveguide with 40 dielectric periods.
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Fig. 5. S5: of rectangular waveguide with 40 dielectric periods.
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The results of the waveguide with dielectric gratings are plotted
in Figs. 4 and 5. The frequency spectrum is normalized with re-
spect to 12 GHz.

Figs. 3-5 show that th&-parameters calculated with the re-
cursive formula have excellent agreement with that obtained
from FDTD simulations. The utilization of the simple formula
to compute theS-parameters of a structure with a large number
of periodic perturbations is more time and computationally effi-
cient than performing FDTD simulations on the same structure.

IV. CONCLUSION

Full wave electromagnetic simulators, such as FDTD, are ver-
satile methods to extract the propagation characteristic of elec-
tromagnetic waves in arbitrary structures. They are, however,
computationally intensive, and as the simulation space increases
in size, the computation time becomes prohibitive. The pro-
posed formula is an efficient tool to extend the results obtained
from small-sized computations to structures with alarge number
of periodic gratings. The results are in excellent agreement with
those obtained directly from FDTD.
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